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a b s t r a c t
Let G be a graph and let D6(G) = {v ∈ V (G)|dG(v) = 6}. In this paper we prove that: (i) If G
is a 6-connected claw-free graph and if |D6(G)| ≤ 74 or G[D6(G)] contains at most 8 vertex
disjoint K4’s, then G is Hamiltonian; (ii) If G is a 6-connected line graph and if |D6(G)| ≤ 54
or G[D6(G)] contains at most 5 vertex disjoint K4’s, then G is Hamilton-connected.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Graphs in this paper are finite andmay havemultiple edges or loops. Terms and notations not defined here are referred to
[1]. An edge cut Y ofG is essential ifG−Y has at least twonontrivial components. For an integer k > 0,G is essentially k-edge-
connected if G does not have an essential edge cut Y with |Y | < k. For v ∈ V (G), denote NG(v) = {u ∈ V (G)|uv ∈ E(G)},
and dG(v) = |NG(v)|. For an integer i ≥ 0, define Di(G) = {v ∈ V (G)|dG(v) = i}, and di(G) = |Di(G)|. If A is a subset of V (G),
we define EG(A) = {e ∈ E(G)|e has only one end vertex in A}.
A subgraphH ofG is dominating ifG−V (H) is edgeless. Let v0, vk ∈ V (G). A (v0, vk)-trail ofG is a vertex–edge alternating
sequence v0, e1, v1, e2, . . . , ek, vk such that all the ei’s are distinct and such that for each i = 1, 2, . . . , k, ei is incident with
both vi−1 and vi. With the notation above, this (v0, vk)-trial is also called an (e1, ek)-trail. All the vertices in v1, v2, . . . , vk−1
are internal vertices of the trail. A dominating (e1, ek)-trail T of G is an (e1, ek)-trail such that every edge of G is incident
with an internal vertex of T . A spanning (e1, ek)-trail T of G is a dominating (e1, ek)-trail such that V (T ) = V (G). A graph G
is Hamilton-connected if for u, v ∈ V (G)(u ≠ v), there exists a (u, v)-path containing all vertices of G. G is supereulerian if
G has an eulerian spanning subgraph.
A graph G is called claw-free if it has no induced subgraph isomorphic to K1,3. The line graph of a graph G, denoted by
L(G), has E(G) as its vertex set, where two vertices in L(G) are adjacent if and only if the corresponding edges in G have at
least one vertex in common.
Conjecture 1.1 (Matthews and Sumner [12]). Every 4-connected claw-free graph is Hamiltonian.
Since every line graph is claw-free, the following conjecture posed by Thomassen in 1986 is a special case of
Conjecture 1.1.
Conjecture 1.2 (Thomassen [14]). Every 4-connected line graph is Hamiltonian.
An important progress on Conjecture 1.2 is due to Zhan and independently to Jackson. A short proof using Catlin’s
reduction method is also given as Theorem 7.3 in [4].
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Theorem 1.3 (Zhan [15]; Jackson [8]; Chen and Lai [4]). Every 7-connected line graph is Hamiltonian.
In fact, Zhan [15] showed every 7-connected line graph is Hamilton-connected. In 1997, Ryjác˘ek [13] introduced the line
graph closure of a claw-free graph and used it to show that a claw-free graph G is Hamiltonian if and only if its closure
cl(G) is Hamiltonian, where cl(G) is a line graph. With this argument and using the fact that adding edges will not decrease
the connectivity and minimum degree of a graph, Ryjác˘ek [13] verified the equivalence of Conjectures 1.1 and 1.2, and
the Matthews and Sumner conjecture for all 7-connected claw-free graphs. However, the general conjectures are open for
6-connected graphs although there are partial results for 6-connected graphs.
Theorem 1.4 (Li [11]). Every 6-connected claw-free graph with at most 33 vertices of degree 6 is Hamiltonian.
Theorem 1.5 (Hu, Tian, and Wei [6]). Let G be a 6-connected line graph. If d6(G) ≤ 29 or G[D6(G)] contains at most 5 vertex
disjoint K4’s, then G is Hamilton-connected.
Theorem 1.6 (Hu, Tian, and Wei [7]). Let G be a 6-connected claw-free graph. If d6(G) ≤ 44 or G[D6(G)] contains at
most 8 vertex disjoint K4’s, then G is Hamiltonian.
In this paper we prove the following theorems.
Theorem 1.7. Let H be a 6-connected line graph. If d6(H) ≤ 74, then H is Hamiltonian.
Theorem 1.8. Let H be a 6-connected line graph. If d6(H) ≤ 54 or G[D6(G)] contains at most 5 vertex disjoint K4’s, then H is
Hamilton-connected.
Using the Ryjác˘ek line graph closure, we have the following corollary.
Corollary 1.9. Let G be a 6-connected claw-free graph. If d6(G) ≤ 74 or G[D6(G)] contains at most 8 vertex disjoint K4’s, then
G is Hamiltonian.
We would like to point out that the idea underlying our proofs comes from [9]. To prove Theorems 1.7 and 1.8, we need
the Catlin reductionmethod, which will be presented in Section 2. This method is different from themethod used in [6]. The
proofs of Theorems 1.7 and 1.8 will be given in Sections 3 and 4, respectively.
2. Preliminaries
Let X ⊆ E(G) be an edge subset. The contraction G/X is the graph obtained from G by identifying the two ends of each
edge in X and then deleting the resulting loops. When X = {e}, we use G/e for G/{e}. If K is a subgraph of G, then we write
G/K for G/E(K).
In [2] Catlin defined collapsible graphs. Let O(G) denote the set of all vertices of G with odd degrees. Given a subset R
of V (G), a subgraph Γ of G is called an R-subgraph if O(Γ ) = R and G − E(Γ ) is connected. A graph G is collapsible if for
any even subset R of V (G), G has an R-subgraph. In particular, K1 is collapsible. Catlin [2] showed that every graph G has a
unique collection of pairwise vertex-disjoint maximal collapsible subgraphs H1,H2, . . . ,Hk such that
k
i=1 V (Hi) = V (G).
The c-reduction of G is the graph obtained from G by successively contracting H1, H2, . . . ,Hk. This contraction is called the
c-contraction. If Hi is c-contracted to vi, then Hi is called the c-preimage of vi, and denoted by P (vi). Note that if G has an
O(G)-subgraph Γ , then G− E(Γ ) is a spanning eulerian subgraph of G. Therefore, every collapsible graph is supereulerian.
A graph is reduced if it is the reduction of itself. Let F(G) denote the minimum number of edges that must be added to G so
that the resulting graph has two edge-disjoint spanning trees.
Theorem 2.1. Let G be a connected graph. Then each of the following holds.
(i). (Catlin [2]) If G is reduced and if |E(G)| ≥ 3, then δ(G) ≤ 3 and F(G) = 2|V (G)| − |E(G)| − 2.
(ii). (Catlin, Han and Lai [3]) Let G be a connected reduced graph. If F(G) ≤ 2, then G ∈ {K1, K2, K2,t}(t ≥ 1).
Lemma 2.2 (Lai, Shao, Yu and Zhan [10]). If G is collapsible, then for any pair of vertices u, v ∈ V (G), G has a spanning (u, v)-
trail.
3. Proof of Theorem 1.7
Throughout of this section, we assume that L(G) is a 6-connected graph such that d6(L(G)) ≤ 74. Then G is essentially
6-edge-connected. Let G0 be the graph obtained from G by deleting all the vertices of degree 1 and contracting exactly one
edge xy or yz for each path xyz in Gwith dG(y) = 2. Then G0 is 3-edge-connected. Also,
G0 is essentially 6-edge-connected. (1)
Since G is essentially 6-edge-connected, we have the following.
(3.1) Let v ∈ V (G0) such that dG0(v) ≤ 5. Then NG(v) = NG0(v).
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To prove Theorem 1.7, we need the following theorem proved by Harary and Nash-Williams.
(3.2) (Harary and Nash-Williams [5]) Let G be a graph with |E(G)| ≥ 3. Then L(G) is Hamiltonian if and only if G has a
dominating eulerian subgraph.
Notice that every collapsible graph is supereulerian. By (3.2) and the definition of G0, we have the following.
(3.3) If G0 is collapsible, then L(G) is Hamiltonian.
Let G′ be the reduction of G0. By (3.3), we may assume that G′ is nontrivial. Since G0 is 3-edge-connected and since the
contraction cannot decrease the edge connectivity of a graph, G′ is also 3-edge-connected.
(3.4) Let v ∈ V (G′) such that dG′(v) ≤ 5. Then |V (P (v))| = 1.
Proof. Let X = EG′({v}). Then |X | ≤ 5. Notice that K2 is not collapsible. If |V (P (v))| ≥ 2, then |E(P (v))| ≥ 2. Thus X would
be an essential edge cut in G0, contrary to (1). 
(3.5) F(G′) ≥ 3.
Proof. Assume F(G′) ≤ 2. By Theorem 2.1(ii), G′ ∈ {K1, K2, K2,t}(t ≥ 1), contrary to the fact that G′ is 3-edge-connected. So
(3.5) holds. 
(3.6) Let v ∈ D3(G′) and u ∈ NG′(v). Then dG′(u) ≥ 5.
Proof. Assume that dG′(u) ≤ 4. As G′ is 3-edge-connected, dG′(u) ≥ 3. By (3.4), |V (P (v))| = |V (P (u))| = 1. Thus
u, v ∈ V (G0), and so EG′({u, v}) is an essential edge cut of G0 of size of at most 5, contrary to (1). This proves (3.6). 
Define a real-valued function
f (x) = x− 4
x
, x ∈ [2,∞).
This function originated in [9]. For each v ∈ G′, define l(v) = f (dG′(v)). Notice that (i) of (3.7) below is a fact from Calculus
and (ii) of (3.7) follows from (i) of (3.7).
(3.7) (Lai, Shao, Wu and Zhou [9]) Each of the followings holds.
(i) f (x) is an increasing function.
(ii) If dG′(v) ≥ k ≥ 2, then l(v) ≥ f (k).
(3.8) Let NG′(v) = {v1, v2, v3}, and t = |NG′(v) ∩ D5(G′)|. Then l(v1)+ l(v2)+ l(v3) ≥ 1− 215 t .
Proof. By (3.6), dG′(vi) ≥ 5 for i = 1, 2, 3. By (3.7), we have
l(v1)+ l(v2)+ l(v3) ≥ 6− 46 (3− t)+
1
5
t = 1− 2
15
t. 
(3.9) Let tv = |NG′(v) ∩ D5(G′)|, where v ∈ D3(G′). Then∑v∈D3(G′) tv ≤ d6(L(G)).
Proof. By (3.1) and (3.4), we have−
v∈D3(G′)
tv =
uv ∈ E(G′)|dG′(u) = 5, dG′(v) = 3
= uv ∈ E(G0)|dG0(u) = 5, dG0(v) = 3
= |{uv ∈ E(G)|dG(u) = 5, dG(v) = 3}|
≤ |{uv ∈ E(G)|dG(u)+ dG(v) = 8}| = d6(L(G)). 
Now we prove Theorem 1.7. Let E = E(G′), Di = Di(G′), and di = |Di|(i ≥ 3). By (3.8) and (3.9), we have
d3 =
−
v∈D3
1 ≤
−
v∈D3
−
uv∈E
l(u)+ 2
15
tv

≤ 2
15
d6(L(G))+
−
v∈D3
−
uv∈E
l(u)
= 2
15
d6(L(G))+
−
v∈D3
−
uv∈E,u∉D3∪D4
l(u) = 2
15
d6(L(G))+
−
u∉D3∪D4
−
uv∈E,v∈D3
l(u)
= 2
15
d6(L(G))+
−
i≥5
−
u∈Di
−
uv∈E,v∈D3
l(u) = 2
15
d6(L(G))+
−
i≥5
−
u∈Di
−
uv∈E,v∈D3
f (i)
≤ 2
15
d6(L(G))+
−
i≥5
−
u∈Di
if (i) = 2
15
d6(L(G))+
−
i≥5
−
u∈Di
(i− 4)
= 2
15
d6(L(G))+
−
i≥5
(i− 4)di = 215d6(L(G))+
−
i≥4
(i− 4)di.
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As |V (G′)| =∑ di, and 2|E(G′)| =∑ idi, we have
2(2|V (G′)| − |E(G′)|) = 4|V (G′)| − 2|E(G′)| =
−
i≥3
(4− i)di = d3 −
−
i≥4
(i− 4)di.
It follows from (3.5) and Theorem 2.1(i) that
2|V (G′)| − |E(G′)| − 2 ≥ 3
d3 −
−
i≥4
(i− 4)di ≥ 10
2
15
d6(L(G)) ≥ 10
d6(L(G)) ≥ 75,
contrary to the hypothesis that d6(L(G)) ≤ 74. This completes the proof of Theorem 1.7. 
4. Proof of Theorem 1.8
The proof of Theorem 1.8 is similar to the proof of Theorem 1.7. By Theorem 1.5, it suffices to consider the case when
d6(G) ≤ 54. To prove this case, we need to define an operation. Let G be a graph. We say that an edge e ∈ E(G) is subdivided
when it is replaced by a path of length 2 whose internal vertex, denote v(e), has degree 2 in the resulting graph. The process
of taking an edge e and replacing it by the length 2 path is called subdividing e. For a graph G and edges e1, e2 ∈ E(G), let
G(e1, e2) denote the graph obtained from G by subdividing both e1 and e2. Thus V (G(e1, e2))− V (G) = {v(e1), v(e2)}.
Throughout this section, we assume that L(G) is a 6-connected graph such that d6(L(G)) ≤ 54. Then G is essentially
6-edge-connected. Let G0 be the graph obtained from G by deleting all the vertices of degree 1 and contracting exactly one
edge xy or yz for each path xyz in Gwith dG(y) = 2. Then G0 is 3-edge-connected. Also,
G0 is essentially 6-edge-connected. (2)
(4.1) Let v ∈ V (G0) such that dG0(v) ≤ 5. Then NG(v) = NG0(v).
With a similar argument in the proof of (3.2), one can obtain a theorem for Hamilton-connected line graphs.
(4.2) Let G be a graph with |E(G)| ≥ 3. Then L(G) is Hamilton-connected if and only if for any pair of edges e1, e2 ∈ E(G), G
has a dominating (e1, e2)-trail.
Let e1, e2 ∈ G0. By (4.2) and Lemma 2.2, we have the following.
(4.3) If G0(e1, e2) is collapsible, then L(G) is Hamilton-connected.
Let G′ be the reduction of G0(e1, e2). By (4.3), we may assume that G′ is nontrivial. Then G′ is 2-edge-connected, and
D2(G′) ⊆ {v(e1), v(e2)}.
(4.4) Let v ∈ V (G′) such that dG′(v) ≤ 5. Then |V (P (v))| = 1.
Proof. Let X = ΘG′(v). Then |X | ≤ 5. If |V (P (v))| ≥ 2, then |E(P (v))| ≥ 2, and so X is an essential edge cut in G0, contrary
to (2). 
(4.5) F(G′) ≥ 3.
Proof. Assume F(G′) ≤ 2. By Theorem 2.1(ii), G′ is a K2,t . Since d2(G′) ≤ 2, G′ = K2,2 and v(e1), v(e2) ∈ V (G′), and so
{e1, e2} is an edge cut in G0, contrary to (2). So (4.5) holds. 
(4.6) Let v ∈ D3(G′). If u ∈ NG′(v)− {v(e1), v(e2)}, then dG′(u) ≥ 5.
Proof. Assume that dG′(u) ≤ 4. As G′ is 2-edge-connected and D2(G′) ⊆ {v(e1), v(e2)}, dG′(u) ≥ 3. By (4.4), |V (P (v))| =
|V (P (u))| = 1. Thus u, v ∈ V (G0), and so ΘG′({u, v}) is an essential edge cut of G0 of size at most 5, contrary to (2). This
proves (4.6). 
Recall that f (x) = x−4x and l(v) = f (dG′(v)) defined in Section 3. We have the following.
(4.7) LetNG′(v) = {v1, v2, v3}, and let s = |NG′(v)∩ D2(G′)| and t = |NG′(v)∩D5(G′)|. Then l(v1)+l(v2)+l(v3) ≥ 1− 43 s− 215 t .
Proof. By (4.6), dG′(vi) ≥ 5 for i = 1, 2, 3. Thus
l(v1)+ l(v2)+ l(v3) ≥ 13 (3− t − s)− s+
1
5
t = 1− 4
3
s− 2
15
t. 
(4.8) Let tv = |NG′(v) ∩ D5(G′)|, where v ∈ D3(G′). Then∑v∈D3(G′) tv ≤ d6(L(G)).
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Proof. By (4.1) and (4.4), we have−
v∈D3(G′)
tv =
uv ∈ E(G′)|dG′(u) = 5, dG′(v) = 3
= uv ∈ E(G0)|dG0(u) = 5, dG0(v) = 3
= |{uv ∈ E(G)|dG(u) = 5, dG(v) = 3}|
≤ |{uv ∈ E(G)|dG(u)+ dG(v) = 8}| = d6(L(G)). 
Now we prove Theorem 1.8. Let E = E(G′), Di = Di(G′), and di = |Di|(i ≥ 3). Since D2(G′) ⊆ {v(e1), v(e2)}, d2(G′) ≤ 2. By
(4.7) and (4.8), we have
d3 =
−
v∈D3
1 ≤
−
v∈D3
−
uv∈E
l(u)+ 4
3
s+ 2
15
tv

≤ 8
3
+ 2
15
d6(L(G))+
−
v∈D3
−
uv∈E
l(u)
= 8
3
+ 2
15
d6(L(G))+
−
u∉D3∪D4
−
uv∈E,v∈D3
l(u) = 8
3
+ 2
15
d6(L(G))+
−
i≥2,i≠3,4
−
u∈Di
−
uv∈E,v∈D3
l(u)
= 8
3
+ 2
15
d6(L(G))+
−
i≥2,i≠3,4
−
u∈Di
−
uv∈E,v∈D3
f (i) ≤ 8
3
+ 2
15
d6(L(G))+
−
i≥2,i≠3,4
−
u∈Di
if (i)
= 8
3
+ 2
15
d6(L(G))+
−
i≥2,i≠3,4
−
u∈Di
(i− 4) = 8
3
+ 2
15
d6(L(G))+
−
i≠3,4
(i− 4)di
= 8
3
+ 2
15
d6(L(G))+
−
i≠3
(i− 4)di.
As |V (G′)| =∑ di, and 2|E(G′)| =∑ idi, we have
2(2|V (G′)| − |E(G′)|) = 4|V (G′)| − 2|E(G′)| =
−
i≥2
(4− i)di = d3 −
−
i≠3
(i− 4)di.
It follows from (4.5) and Theorem 2.1(i) that
2|V (G′)| − |E(G′)| − 2 ≥ 3
d3 −
−
i≠3
(i− 4)di ≥ 10
8
3
+ 2
15
d6(L(G)) ≥ 10
d6(L(G)) ≥ 55,
contrary to the hypothesis that d6(L(G)) ≤ 54. This completes the proof of Theorem 1.8.
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